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مسائل القيم الابتدائية المركبة نموذج من حلّ دراسة عددية ل
من المتجانسة الخطية ذات الأمثال الثابتة  الضبابية الضعيفة

عدديا   المرتبة الثانية  
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**أ.د. محمد علي  

***لما رزوق   

 (2025 /3/6تاريخ النشر  – 2025 /12/5 )تاريخ الإيداع 
 

 □ملخّص  □
 

 .ول مرةمن المرتبة الثانية عددياً لأ لمركبة الضبابية الضعيفةا -مسائل القيم الابتدائية حل هدف هذا العمل إلى دراسةي
  من المرتبة الثانية مسألة قيمة ابتدائية مركبة ضبابية ضعيفةكلّ  أن  نجد تحويل خاصة، باستخدام دالة 
(WFC-IVP) مسائل القيم الابتدائية الحقيقيةمن  كلاسيكيتين يمكن كتابتها كمسألتين 

على شكل قيمة ابتدائية من المرتبة الثانية يمكن أن تكتب  مسألة كلّ  و .من المرتبة الثانية
طبّق "طريقة أولر" ن، و من المرتبة الأولى من المعادلات التفاضليةنظام  مسألة قيمة ابتدائية من

، نشكل حلول مسألتنا )مسألة تين الكلاسيكيتينكلا المسأل . ثم  من حلولالتقريبية هالإيجاد حلول
حيث يتم التركيز على المعادلة التفاضلية الخطية  المركبة الضبابية الضعيفة(. -القيمة الابتدائية

وبناءً عليه،  المتجانسة ذات الأمثال الحقيقية الثابتة مع شروط ابتدائية حقيقية و خطوة ثابتة.
النتائج العددية من خلال مثال و عرض التقريبات و الأخطاء  برنامج البايثون لإيجاد استخدمنا

 .المطلقة في جداول و توضيح الرسوم البيانية التي تمثلها
 مسائل القيم الأعداد المركبة الضبابية الضعيفة، الدوال المركبة الضبابية الضعيفة،الكلمات المفتاحية: 

 الابتدائية الضبابية الضعيفة.
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□ ABSTRACT □ 

 

This work aims to solve for the first time the second-order Weak 

Fuzzy Complex- Initial Value Problem (WFC-IVP) numerically. Using a 

special isomorphic transformation function, a second-order WFC-IVP 

can be written as two classical second-order initial Value Problems 

(IVPs) with respect to their own real variables. Where each second-order 

IVP can be expressed as an initial value problem for a system of first-

order differential equations, and we use Euler’s method to find 

approximate solutions. Then, we construct the numerical solutions for 

our problem (WFC-IVP) from the approximate solutions of related 

classical systems. We focus on a model of the second-order real constant-

coefficient linear homogeneous differential equation with real initial 

conditions and fixed step. Therefore, we use Python to obtain numerical 

results for related example, where approximations and absolute errors are 

shown in tables and diagrams. 

Keywords: Weak Fuzzy Complex numbers, Weak Fuzzy Complex functions, 

Weak Fuzzy Complex Initial Value Problem (WFC-IVP). 
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1 Introduction    

In 2023, the Weak Fuzzy Complex Numbers (WFC- Numbers) was 

defined for the first time in [1] as a new generalization of classical real 

numbers. Researchers studied vector spaces on the new set of WFC 

numbers [2], and matrices [3]. Also, in [4–6] Weak Fuzzy Complex 

Diophantine equations have been discussed. Foundations of number 

theory were built in [7], and number theoretical concepts in the set of 

Weak Fuzzy Complex integers. 

In [8, 9], the geometrical solutions for some vectorial equations are 

important applications of the WFC set known as A-Curves. However, WFC 

numbers and some of their arithmetic operations are shown using Python and 

Jupyter Notebook in [10]. 

Additionally, [11] introduced a special isomorphism transformation 

function and presented the Weak Fuzzy Complex functions. Then, [12] defined 

the Weak Fuzzy Complex Ordinary Differential Equations (WFC-ODEs). 

1.1 Importance and Aim of This Research 

The importance of this research appears with the need to discover 

the Initial Value Problems with their weak fuzzy complex variables. The 

main purpose of the paper is to solve a second-order constant-coefficient 

linear homogeneous Weak Fuzzy Complex- initial value problem (WFC-

IVP) numerically.  

1.2  Methodology 

Theoretical part: We discuss numerical solving the second-order 

constant-coefficient linear homogeneous Weak Fuzzy Complex- initial 

value problems (WFC-IVPs), which becomes two systems of first-order 

IVPs in 𝑹 using Euler’s method.  

Practical part: Numerical experiments are presented with tables of 

approximate solutions and absolute errors that illustrate the theoretical results. 

We have accomplished the computations using Python and Jupyter Notebook. 

1.3  Paper Outline 

The paper is organized as follows: we will mention some main 

definitions about Weak Fuzzy Complex numbers, a special isomorphism 

transformation function, WFC-functions, and WFC-ODEs in section 2. 

Then, in section 3, we will introduce the steps to solve the second-order 

real constant-coefficient linear homogeneous Weak Fuzzy Complex- 

Initial Value Problems numerically, where we will use Euler’s method to 

get the approximations. In section 4, we will focus on the case of real 

initial conditions and fixed step for our WFC-IVP. Also, we will present 

an example to illustrate with tables and diagrams of approximate 

solutions and absolute errors that we will get using Python (the main 

instructions are included in the Appendix). 

2 Preliminaries 
Some important concepts will be mentioned in this section to 

understand our discussion: 
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Definition 1.[1] The set of Weak Fuzzy Complex numbers was 

defined as follows, 

𝑭𝐽 =  {𝑥0 + 𝑥1 𝐽 ;  𝑥0 , 𝑥1 ∈ 𝑹 , 𝐽
2 = 𝑡 ∈ ]0, 1[ }, 

where ‘𝐽’ is the Weak Fuzzy Complex operator ( 𝐽 ∉ 𝑹 ). 

Definition 2. [11] Let 𝜑 be the transformation function from 𝑭𝐽 to 

𝑹 × 𝑹, which we define as follows: 

𝜑:𝑭𝐽 ↦ 𝑹 ×  𝑹. 

𝜑(𝑥0 + 𝑥1 𝐽) = (𝑥0 + 𝑥1 (−√𝑡), 𝑥0 + 𝑥1(+√𝑡)) = (𝑥0 −

𝑥1 √𝑡, 𝑥0 + 𝑥1√𝑡) ; 

where 𝐽2 = 𝑡 ∈ ]0, 1[ ⇒  𝐽 = ±√𝑡, and 𝑥0, 𝑥1 ∈ 𝑹 (This map is an 

isomorphism). 

Definition 3. [11] Let 𝜑:𝑭𝐽 ↦ 𝑹 ×  𝑹  such that:  𝜑(𝑋) = (𝑎, 𝑏), 

the inverse function of 𝜑 is defined as follows: 

𝜑−1: 𝑹 ×  𝑹 ↦ 𝑭𝐽 

𝜑−1(𝑎, 𝑏) =
1

2
(𝑎 + 𝑏) +

1

2√𝑡
𝐽(𝑏 − 𝑎). 

Definition 4.[11]Let 𝑋 = 𝑥0 + 𝑥1 𝐽, 𝑌 = 𝑦0 + 𝑦1 𝐽∈ 𝑭𝐽, we say that 

𝑋 ≤ 𝑌, if and only if: 

 {
𝑥0 − 𝑥1√𝑡 ≤ 𝑦0 − 𝑦1 √𝑡

𝑥0 + 𝑥1 √𝑡 ≤ 𝑦0 + 𝑦1 √𝑡
; 𝑥0, 𝑥1, 𝑦0, 𝑦1 ∈ 𝑹. 

Definition 5. [11] Let 𝐴 = 𝑎0 + 𝑎1 𝐽, 𝐵 = 𝑏0 + 𝑏1 𝐽∈ 𝑭𝐽, we define 

the interval [𝐴, 𝐵] if and only if 𝐴 ≤ 𝐵, according to the definition of the 

partial order relation (≤). 

 If 𝐴 ≰ 𝐵, then [𝐴, 𝐵] = ϕ. 

 We can understand [𝐴, 𝐵] as follows: 

 [𝐴, 𝐵] = {𝐶 ∈  𝑭𝐽: 𝐶 = 𝑐0 + 𝑐1 𝐽 ∈  𝑭𝐽;  𝐴 ≤ 𝐶 ≤ 𝐵}. 

Definition 6. [11] Let 𝑓: 𝑭𝐽 ↦ 𝑭𝐽 be a Weak Fuzzy Complex 

function in one variable, where 

𝜑(𝑓(𝑋)) = (𝑓1(𝑥0 − 𝑥1 √𝑡 ), 𝑓2( 𝑥0 + 𝑥1√𝑡 )); 𝑓1, 𝑓2: 𝑹 ↦  𝑹, 

then we say: 

1) 𝑓 is continuous on 𝑭𝐽 if and only if  𝑓1, 𝑓2 are continuous on 𝑹. 

2) 𝑓 is differentiable on 𝑭𝐽 if and only if  𝑓1, 𝑓2 are differentiable on 

𝑹, with respect to their own variables. 

3) 𝑓 is integrable on 𝑭𝐽 if and only if  𝑓1, 𝑓2 are integrable on 𝑹. 

Definition 7. [11] Let 𝑓: 𝑭𝐽 ↦ 𝑭𝐽 be a differentiable/integrable 

function on 𝑭𝐽. We define 

1) 𝑓′(𝑋) = 𝜑−1(𝑓′1(𝑥0 − 𝑥1 √𝑡 ), 𝑓′2( 𝑥0 + 𝑥1√𝑡 )). 

2) ∫𝑓(𝑋). 𝑑𝑋 = 𝜑−1(∫𝑓1. 𝑑(𝑥0 − 𝑥1 √𝑡), ∫ 𝑓2. 𝑑( 𝑥0 + 𝑥1√𝑡 )). 
Definition 8.[12] The weak fuzzy complex differential equation of 

the second order is  

written as follows: 

 ℱ(𝑋, 𝑌, 𝑌′, 𝑌′′) = 0                                                   (1)                      
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φ
⇔{

ℱ1(𝑥0 − 𝑥1√𝑡, 𝑦0 − 𝑦1√𝑡, 𝑦
′
0
− 𝑦′

1√𝑡, 𝑦′′0 − 𝑦′′1√𝑡) = 0      (2 − 1)

ℱ2(𝑥0 + 𝑥1√𝑡, 𝑦0 + 𝑦1√𝑡, 𝑦
′
0
+ 𝑦′

1√𝑡, 𝑦′′0 + 𝑦′′1√𝑡) = 0      (2 − 2)
  

(2)   

 where ℱ = φ−1(ℱ1, ℱ2),   𝑦0 − 𝑦1 √𝑡 = 𝑓1(𝑥0 − 𝑥1 √𝑡) , 𝑦0 +

𝑦1 √𝑡 = 𝑓2(𝑥0 + 𝑥1 √𝑡)   
 𝑌′ =

𝑑𝑌

𝑑𝑋
= 𝑓′(𝑋) = φ−1(𝑓′1(𝑥0 − 𝑥1 √𝑡 ), 𝑓′2( 𝑥0 + 𝑥1√𝑡 )), 

𝑌′′ =
𝑑2𝑌

𝑑𝑋2
= 𝑓′′(𝑋) = φ−1(𝑓′′1(𝑥0 − 𝑥1 √𝑡 ), 𝑓′′2( 𝑥0 + 𝑥1√𝑡 )), 

and 
𝑑

𝑑𝑋
= φ−1 (

𝑑                     

𝑑(𝑥0−𝑥1 √𝑡)
,
𝑑                     

𝑑(𝑥0+𝑥1 √𝑡)
) ,

𝑑2

𝑑𝑋2
=

φ−1 (
𝑑2                     

𝑑(𝑥0−𝑥1 √𝑡)2
,
𝑑2                     

𝑑(𝑥0+𝑥1 √𝑡)2
). 

Definition 9.[12] Let  𝑦0 − 𝑦1 √𝑡 = 𝑓1(𝑥0 − 𝑥1 √𝑡) and 𝑦0 +

𝑦1 √𝑡 = 𝑓2(𝑥0 + 𝑥1 √𝑡) are the general solutions to (2-1) on 𝑰1 ⊆ 𝑹 and 

(2-2) on 𝑰2 ⊆ 𝑹, respectively, then  

 𝑌 = 𝑓(𝑋)  = 𝜑−1(𝑓1(𝑥0 − 𝑥1 √𝑡 ), 𝑓2( 𝑥0 + 𝑥1√𝑡 )) is the general 

solution of (1) on 𝑰 = 𝜑−1(𝑰1 × 𝑰2) ⊆ 𝑭𝐽, 

where 𝑋 = 𝜑−1(𝑥0 − 𝑥1 √𝑡, 𝑥0 + 𝑥1 √𝑡), 𝑥0 − 𝑥1 √𝑡 ∈ 𝑰1, 𝑥0 +

𝑥1 √𝑡 ∈ 𝑰2. 

One of the simplest types of second-order ordinary differential 

equations is the linear homogeneous equation with constant coefficients. 

We will concentrate on this type which occurs in many applications in 

science and engineering. 

Definition 10. The general form of a second-order linear 

homogeneous weak fuzzy complex ordinary differential equation with 

real constant coefficients is written as, 

𝑎𝑌′′ + 𝑏𝑌′ + 𝑐𝑌 = 0,                            (3) 

when the coefficients are real 𝑎, 𝑏 and 𝑐 ∈ 𝑹, using 𝜑, we find that 

(3) is equivalent to two second-order linear homogeneous ordinary 

differential equation with constant coefficients in 𝑹, 

𝑎𝑌′′ + 𝑏𝑌′ + 𝑐𝑌 = 𝑎 𝜑−1(𝑌0′′, 𝑌1′′) + 𝑏𝜑
−1(𝑌0′, 𝑌1′) + 𝑐𝜑

−1(𝑌0, 𝑌1)
=  𝜑−1(𝑎𝑌0

′′ + 𝑏𝑌0
′ + 𝑐𝑌0, 𝑎𝑌1′′ + 𝑏𝑌1′ + 𝑐𝑌1) = 0 

⇔ {
𝑎𝑌0′′ + 𝑏𝑌0′ + 𝑐𝑌0 = 0 

𝑎𝑌1′′ + 𝑏𝑌1′ + 𝑐𝑌1 = 0 
                              

where 𝑌0 = 𝑦0 − 𝑦1 √𝑡 ∈ 𝑹, 𝑌1 = 𝑦0 + 𝑦1 √𝑡 ∈ 𝑹, 𝑌 =
𝜑−1(𝑌0, 𝑌1) ∈ 𝑭𝐽. 

Definition 11. The real constant-coefficient second-order linear 

homogeneous weak fuzzy complex initial value problem (WFC-IVP) is 

formed as, 

{
𝑎𝑌′′ + 𝑏𝑌′ + 𝑐𝑌 = 0  
𝑌(𝛼) = 𝜈, 𝑌′(𝛼) = 𝜔   

; 𝛼 ≤ X ≤ 𝛽              , 𝑎, 𝑏, 𝑐 ∈ 𝑹    (4)        

where 

𝑌 = 𝜑−1(𝑌0, 𝑌1), 𝑋 = 𝜑
−1(𝑋0, 𝑋1) ∈ 𝑭𝐽, 
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𝛼 = 𝜑−1(𝛼0, 𝛼1), 𝛽 = 𝜑−1(𝛽0, 𝛽1), 𝜈 = 𝜑
−1(𝜈0, 𝜈1),

𝜔 = 𝜑−1(𝜔0, 𝜔1) ∈ 𝑭𝐽, 

𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜈0, 𝜈1, 𝜔0, 𝜔1 ∈ 𝑹 
Now, we will focus on finding the numerical solutions of this kind 

of problems.  

3 Numerical Solving of the Second-Order Real Constant-

Coefficient Linear Homogeneous Weak Fuzzy Complex Initial Value 

Problems (WFC-IVPs) 

To find the numerical solutions of the real constant-coefficient 

second-order linear homogeneous WFC-IVP (4), we follow the following 

steps: 

First step: Write the equivalent IVPs in 𝑹.  

We know that (4) is equivalent to (5) and (6) using 𝜑,  

{
 

 {
𝑎𝑌0′′ + 𝑏𝑌0′ + 𝑐𝑌0 = 0       

𝑌0(𝛼0) = 𝜈0, 𝑌0′(𝛼0) = 𝜔0 
   ; 𝛼0 ≤ 𝑋0 ≤ 𝛽0                                                                              (𝟓)

{
𝑎𝑌1

′′ + 𝑏𝑌1
′ + 𝑐𝑌1 = 0       

𝑌1(𝛼1) = 𝜈1, 𝑌1′(𝛼1) = 𝜔1
     ; 𝛼1 ≤ 𝑋1 ≤ 𝛽1                                                                              (𝟔)

 

where their analytical solutions {
𝑌0 = 𝐻̃𝑒3𝑋0 + 𝐼𝑒𝑋0

𝑌1 = 𝐺̃𝑒3𝑋1 + 𝐾̃𝑒𝑋1
 ; 𝐻̃, 𝐼, 𝐺̃, 𝐾̃ 

are determined constants, and 

𝑋 = 𝜑−1(𝑋0, 𝑋1) ∈ [𝛼, 𝛽] ⊆ 𝑭𝐽, 𝑋0 ∈ [𝛼0, 𝛽0] ⊆ 𝑹, 𝑋1 ∈
[𝛼1, 𝛽1] ⊆ 𝑹, 

𝑌 = 𝜑−1(𝑌0, 𝑌1), 𝛼 = 𝜑−1(𝛼0, 𝛼1), 𝛽 = 𝜑
−1(𝛽0, 𝛽1), 𝜈 =

𝜑−1(𝜈0, 𝜈1), 𝜔 = 𝜑−1(𝜔0, 𝜔1). 
Second step: Transform each second-order IVP  into a system 

of first-order IVPs [13, 14]. 

Suppose 𝑍0 = 𝑌0
′, 𝑍1 = 𝑌1

′,  

{
 
 
 
 

 
 
 
 
{

𝑌0
′ = 𝑍0                               

𝑍0
′ =

−𝑏

𝑎
𝑍0 −

𝑐

𝑎
𝑌0            

𝑌0(𝛼0) = 𝜈0, 𝑍0(𝛼0) = 𝜔0

   ; 𝛼0 ≤ 𝑋0 ≤ 𝛽0                                                                            (𝟕)

{

 𝑌1
′ = 𝑍1                               

𝑍1
′ =

−𝑏

𝑎
𝑍1 −

𝑐

𝑎
𝑌1            

𝑌1(𝛼1) = 𝜈1, 𝑍1(𝛼1) = 𝜔1

     ; 𝛼1 ≤ 𝑋1 ≤ 𝛽1                                                                          (𝟖)

 

Third step: Use a numerical method to approximate the 

solutions. 

The systems (7) and (8) can be solved numerically by simply 

applying a particular numerical method. In each system, each member is 

treated separately but simultaneously, 

{
 

  𝑎𝑡 𝑋0[𝑖] {
𝑆0[𝑖] 𝑡ℎ𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑌0𝑖 = 𝑌0[𝑖]

   𝑇0[𝑖] 𝑡ℎ𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑌0𝑖′ = 𝑌0′[𝑖] 

𝑎𝑡 𝑋1[𝑖] {
𝑆1[𝑖] 𝑡ℎ𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑌1𝑖 = 𝑌1[𝑖]

  𝑇1[𝑖] 𝑡ℎ𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 to 𝑌1𝑖′ = 𝑌1′[𝑖]

     ; 𝑖 =

0,1, … ,𝑁. 
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Then, the outputs are {
(𝑋1[𝑖], 𝑆1[𝑖], 𝑇1[𝑖])       

(𝑋0[𝑖], 𝑆0[𝑖], 𝑇0[𝑖])       
; 𝑖 = 0,1, … ,𝑁. 

Fourth step: Construct the final numerical solutions from the 

numerical solutions in the previous step using the transformation function. 

We use the special transformation function 𝜑−1, 

𝑆[𝑖] = 𝜑−1(𝑆0[𝑖], 𝑆1[𝑖]) the approximations to 𝑌𝑖 = 𝑌[𝑖], 
𝑇[𝑖] = 𝜑−1(𝑇0[𝑖], 𝑇1[𝑖]) the approximations to 𝑌𝑖′ = 𝑌′[𝑖], 
at 𝑋[𝑖] = 𝜑−1(𝑋0[𝑖], 𝑋1[𝑖]). 
where 𝑌𝑖 −the exact solution of the WFC-IVP. 

Then, we have the following absolute errors: 

𝑒[𝑖] = 𝜑−1(𝑒0[𝑖], 𝑒1[𝑖]) = 𝜑
−1(|𝑌0𝑖 − 𝑆0[𝑖]|, |𝑌1𝑖 − 𝑆1[𝑖]| ), 

𝐸[𝑖] = 𝜑−1(𝐸0[𝑖], 𝐸1[𝑖]) = 𝜑−1(|𝑌0𝑖′ − 𝑇0[𝑖]|, |𝑌1𝑖′ − 𝑇1[𝑖]|). 
 

In our work, we will use Euler’s method which is one of the most simple 

and famous numerical techniques to approximate solutions of system of first-

order initial-value problems [13].Also, it is the basic for other methods. 

To clarify the previous steps when we use Euler’s method to 

approximate solutions of a Real Constant-Coefficient Second-Order 

Linear Homogeneous WFC-IVP 

 

The first IVP(5): 

{
𝑎𝑌0′′ + 𝑏𝑌0′ + 𝑐𝑌0 = 0      

𝑌0(𝛼0) = 𝜈0, 𝑌0′(𝛼0) = 𝜔0 
   ; 𝛼0 ≤ 𝑋0 ≤ 𝛽0 

The second IVP(6): 

{
𝑎𝑌1

′′ + 𝑏𝑌1
′ + 𝑐𝑌1 = 0       

𝑌1(𝛼1) = 𝜈1, 𝑌1′(𝛼1) = 𝜔1
     ; 𝛼1 ≤ 𝑋1 ≤ 𝛽1 

The first system (7): 

{

𝑌0
′ = 𝑍0                               

𝑍0
′ =

−𝑏

𝑎
𝑍0 −

𝑐

𝑎
𝑌0            

𝑌0(𝛼0) = 𝜈0, 𝑍0(𝛼0) = 𝜔0

   ; 𝛼0 ≤ 𝑋0 ≤ 𝛽0 

The second system (8): 

{

 𝑌1
′ = 𝑍1                               

𝑍1
′ =

−𝑏

𝑎
𝑍1 −

𝑐

𝑎
𝑌1            

𝑌1(𝛼1) = 𝜈1, 𝑍1(𝛼1) = 𝜔1

     ; 𝛼1 ≤ 𝑋1 ≤ 𝛽1 

Euler’s Algorithm in  𝑅 

INPUT: 

Endpoints 𝛼0, 𝛽0; integer 𝑁; initial conditions 

𝜈0, 𝜔0. 

STEP1: Set ℎ0 =
|𝛽0−𝛼0|

𝑁
; 

                    𝑋0[0] = 𝛼0; 

                    𝑆0[0] = 𝜈0; 

             𝑇0[0] = 𝜔0. 
.run Steps 3, 4 𝑖 = 0,1,2,⋯ ,𝑁 STEP2: For 

       STEP3:   

        𝑆0[𝑖 + 1] = 𝑆0[𝑖] + ℎ0 𝑇0[𝑖] 
        𝑇0[𝑖 + 1] = 𝑇0[𝑖] +

ℎ0 𝑓1(𝑋0[𝑖], 𝑆0[𝑖], 𝑇0[𝑖]) 

                     = 𝑇0[𝑖] + ℎ0  [
−𝑏

𝑎
𝑇0[𝑖] −

𝑐

𝑎
𝑆0[𝑖]] 

            𝑋0[𝑖] = 𝑋0[0] + 𝑖ℎ0.  

       STEP4: OUTPUT: (𝑋0[𝑖], 𝑆0[𝑖], 𝑇0[𝑖]), 
Absolute Errors: 𝑒0[𝑖] = |𝑌0𝑖 − 𝑆0[𝑖]|; 
                      𝐸0[𝑖] = |𝑌0𝑖′ − 𝑇0[𝑖]|. 

INPUT: 

Endpoints 𝛼1, 𝛽1; integer 𝑁; initial condition 

𝜈1, 𝜔1. 

STEP1: Set ℎ1 =
|𝛽1−𝛼1|

𝑁
; 

                    𝑋1[0] = 𝛼1; 

                    𝑆1[0] = 𝜈1; 

             𝑇1[0] = 𝜔1. 
STEP2: For 𝑖 = 0,1,2,⋯ ,𝑁 run Steps 3, 4. 

     STEP3:                    

        𝑆1[𝑖 + 1] = 𝑆1[𝑖] + ℎ1 𝑇1[𝑖] 
        𝑇1[𝑖 + 1] = 𝑇1[𝑖] +

ℎ1 𝑓2(𝑋1[𝑖], 𝑆1[𝑖], 𝑇1[𝑖]) 

                     = 𝑇1[𝑖] + ℎ1  [
−𝑏

𝑎
𝑇1[𝑖] −

𝑐

𝑎
𝑆1[𝑖]] 

            𝑋1[𝑖] = 𝑋1[0] + 𝑖ℎ1. 

     STEP4:  OUTPUT: (𝑋1[𝑖], 𝑆1[𝑖], 𝑇1[𝑖]),     
Absolute Errors: 𝑒1[𝑖] = |𝑌1𝑖 − 𝑆1[𝑖]|; 
                      𝐸1[𝑖] = |𝑌1𝑖′ − 𝑇1[𝑖]|. 
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4 A Model of the Second-Order Real Constant-Coefficient 

Linear Homogeneous WFC-IVPs with fixed step and real initial 

conditions 

In this work, we study the case when ℎ = ℎ0 = ℎ1(i.e., fixed step 

for (4),(5)&(6)); 

where the borders of 𝑋 are  𝛼 = 𝜑−1(𝛼0, 𝛼1) and  𝛽 =
𝜑−1(𝛽0, 𝛽1), 

𝛼 < 𝛽, and 

         |𝛽 − 𝛼| = |𝛽0 − 𝛼0| = |𝛽1 − 𝛼1|. 
Remark. In case ℎ = ℎ0 = ℎ1and 𝜈, 𝜔 ∈ 𝑹, we will get the same 

results for approximate solutions of the WFC-IVP(4) and its related 

IVP(5) and IVP(6): 

1) 𝑋[𝑖] = 𝑋0[𝑖] = 𝑋1[𝑖]; 𝑖 = 1,2,⋯ ,𝑁. 

2) 𝑆[𝑖] = 𝑆0[𝑖] = 𝑆1[𝑖]; 𝑖 = 1,2,⋯ ,𝑁. 

3) 𝑇[𝑖] = 𝑇0[𝑖] = 𝑇1[𝑖]; 𝑖 = 1,2,⋯ , 𝑁. 

Proof: 

Since 𝛼, 𝛽, 𝜈, 𝜔 ∈ 𝑹, 

𝛼 = 𝜑−1(𝛼0, 𝛼1) =  𝜉 + 0𝐽 ∈ 𝑹 ⇒ 𝛼 = 𝛼0 = 𝛼1 =  𝜉, 
𝛽 = 𝜑−1(𝛽0, 𝛽1) = 𝛿 + 0𝐽 ∈ 𝑹 ⇒ 𝛽 =  𝛽0 =  𝛽1 = 𝛿, 
𝑣 = 𝜑−1(𝜈0, 𝜈1) = 𝜏 + 0𝐽 ∈ 𝑹 ⇒ 𝑣 =  𝜈0 =  𝜈1 = 𝜏, 
𝜔 = 𝜑−1(𝜔0, 𝜔1) = 𝜎 + 0𝐽 ∈ 𝑹 ⇒ 𝜔 =  𝜔0 =  𝜔1 = 𝜎. 

Then, 

1) 𝑋0[𝑖] = 𝛼0 + 𝑖ℎ0 = 𝜉 + 𝑖ℎ = 𝑋1[𝑖] = 𝑋[𝑖].  

The WFC-IVP (4) {
𝑎𝑌′′ + 𝑏𝑌′ + 𝑐𝑌 = 0  
𝑌(𝛼) = 𝜈, 𝑌′(𝛼) = 𝜔   

; 𝛼 ≤ X ≤ 𝛽 

Euler’s Algorithm in 𝐹𝐽 

INPUT: Endpoints 𝛼, 𝛽; integer  𝑁; initial conditions 𝜈, 𝜔. 
Step1: Set ℎ-the step size for each 𝑖 = 1,2,⋯ ,𝑁, as 

ℎ = 𝜑−1(ℎ0 , ℎ1) =
1

𝑁
𝜑−1(|𝛽0 − 𝛼0| , |𝛽1 − 𝛼1|) =

|𝛽 − 𝛼|

𝑁
; 

𝑋[0] = 𝜑−1(𝑋0[0], 𝑋1[0]) = 𝜑
−1(𝛼0, 𝛼1) =  𝛼, 

𝑆[0] = 𝜑−1(𝑆0[0], 𝑆1[0]) = 𝜑−1( 𝜈0, 𝜈1) =  𝜈, 
𝑇[0] = 𝜑−1(𝑇0[0], 𝑇1[0]) = 𝜑−1( 𝜔0, 𝜔1) =  𝜔. 

Step2: For 𝑖 =  1, 2, . . . , 𝑁 run Steps 3 & 4: 

        Step3: Set  𝑆𝑖+1 = 𝜑
−1(𝑆0[𝑖 + 1], 𝑆1[𝑖 + 1]) 

                              = 𝜑−1(𝑆0[𝑖], 𝑆1[𝑖]) + 𝜑
−1[(ℎ0 , ℎ1)(𝑇0[𝑖], 𝑇1[𝑖])] = 𝑆𝑖 + ℎ 𝑇[𝑖] 

                         𝑇𝑖+1 = 𝜑
−1(𝑇0[𝑖 + 1], 𝑇1[𝑖 + 1]) 

                                = 𝜑−1(𝑇0[𝑖], 𝑇1[𝑖]) + 𝜑
−1[(ℎ0 , ℎ1) (

−𝑏

𝑎
𝑇0[𝑖] −

𝑐

𝑎
𝑆0[𝑖],

−𝑏

𝑎
𝑇1[𝑖] −

𝑐

𝑎
𝑆1[𝑖])] 

                                = 𝑇𝑖 + ℎ (
−𝑏

𝑎
𝑇[𝑖] −

𝑐

𝑎
𝑆[𝑖]) 

                         𝑋[𝑖] = 𝜑−1(𝑋0𝑖 , 𝑋1𝑖) =
1

2
[𝑋0[0] + 𝑋1[0]] +

1

2√𝑡
𝐽[𝑋1[0] − 𝑋0[0]] + 𝑖ℎ =  𝛼 +  𝑖ℎ  

Step4: OUTPUT approximation 𝑆𝑖 to 𝑌[𝑖]  and 𝑇𝑖  to 𝑌′[𝑖] at the 𝑁 + 1 values of 𝑋[𝑖]. 
The exact (analytical) solution of a WFC-IVP is 𝑌𝑖 = 𝑌[𝑖]. 
 Absolute Errors: 𝑒[𝑖] = 𝜑−1(𝑒0[𝑖], 𝑒1[𝑖]) and 𝐸[𝑖] = 𝜑−1(𝐸0[𝑖], 𝐸1[𝑖]). 
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And since 𝑆0[0] = 𝑆1[0] = 𝑆[0] = 𝑣 = 𝜏 & 𝑇0[0] = 𝑇1[0] =
𝑇[0] = 𝜔 =  𝜎, we get 

2) 𝑆0[1] = 𝑆0[0] + ℎ0 𝑇0[0] =  𝜏 + ℎ 𝜎 = 𝑆1[1] = 𝑆[1] 
⇒ ⋯ ⇒ 𝑆0[𝑁] = 𝑆1[𝑁] = 𝑆[𝑁]. 

3) 𝑇0[1] = 𝑇0[0] + ℎ0 [
−𝑏

𝑎
𝑇0[0] −

𝑐

𝑎
𝑆0[0]] =

𝑇1[0]+ℎ1 [
−𝑏

𝑎
𝑇1[0] −

𝑐

𝑎
𝑆1[0]] = 𝑇1[1] = 𝑇[1] 

⇒ ⋯ ⇒ 𝑇0[𝑁] = 𝑇1[𝑁] = 𝑇[𝑁]. 
Example 1. 𝑁 = 10 

 {
𝑌′′ + 5𝑌′ + 6𝑌 = 0      
 𝑌(0) = 1,   𝑌′(0) = 0    

   ; 0 ≤ 𝑋 ≤ 0.1 ; 𝑋, 𝑌 ∈ 𝑭𝑱         (9) 

This is a real constant-coefficient second-order linear 

homogeneous weak fuzzy complex initial value problem is equivalent 

to the two following initial value problems in 𝑹, 

 

The first IVP(10): 

{
𝑌0
′′ + 5𝑌0′ + 6𝑌0 = 0      

𝑌0(0) = 1, 𝑌0′(0) = 0 
   ; 0 ≤ 𝑋0 ≤ 0.1 

The second IVP(11): 

{
𝑌1
′′ + 5𝑌1

′ + 6𝑌1 = 0       

𝑌1(0) = 1, 𝑌1′(0) = 0
     ; 0 ≤ 𝑋1 ≤ 0.1 

The first system (13): 

{

𝑌0
′ = 𝑍0                               

𝑍0
′ = −5𝑍0 − 6𝑌0               

𝑌0(0) = 1, 𝑍0(0) = 0      

 ; 0 ≤ 𝑋0 ≤ 0.1 

The second system (14): 

{

 𝑌1
′ = 𝑍1                               

𝑍1
′ = −5𝑍1 − 6𝑌1            

𝑌1(0) = 1, 𝑍1(0) = 0     

     ; 0 ≤ 𝑋1 ≤ 0.1 

The exact solution at the step 𝑖 

𝑌0𝑖 = 3𝑒−2𝑋0𝑖 − 2𝑒−3𝑋0𝑖 𝑌1𝑖 = 3𝑒−2𝑋1𝑖 − 2𝑒−3𝑋1𝑖  

The approximate solutions by Euler’s Algorithm for 𝑁 = 10 

INPUT: 

 𝛼0 = 0, 𝛽0 = 1; 𝑁 = 10, 𝜈0 = 1,𝜔0 = 0. 

STEP1: Set ℎ0 = 0.01; 

                   𝑋0[0] = 0 

                   𝑆0[0] = 1 

             𝑇0[0] = 0 

run Steps 3, 4 𝑖 = 0,1,2,⋯ ,𝑁 STEP2: For 

   STEP3:   

       𝑆0[𝑖 + 1] = 𝑆0[𝑖] +  0.01𝑇0[𝑖] 
      𝑇0[𝑖 + 1] = 𝑇0[𝑖] + 0.01 [−5𝑇0[𝑖] − 6𝑆0[𝑖]] 

       𝑋0[𝑖] = 𝑋0[0] + 0.01𝑖 
 STEP4: OUTPUT: (𝑋0[𝑖], 𝑆0[𝑖], 𝑇0[𝑖]), 
Absolute Errors: 𝑒0[𝑖] = |𝑌0𝑖 − 𝑆0[𝑖]|; 
                       𝐸0[𝑖] = |𝑌0𝑖′ − 𝑇0[𝑖]|. 

INPUT: 

 𝛼1 = 0, 𝛽1 = 1, 𝑁 = 10, 𝜈1 = 1,𝜔1 = 0. 

STEP1: Set ℎ1 = 0.01; 

                    𝑋1[0] = 0 

                    𝑆1[0] = 1 

              𝑇1[0] = 0 

STEP2: For 𝑖 = 0,1,2,⋯ ,𝑁 run Steps 3, 4 

    STEP3:      

     𝑆1[𝑖 + 1] = 𝑆1[𝑖] + 0.01 𝑇1[𝑖] 
     𝑇1[𝑖 + 1] = 𝑇1[𝑖] + 0.01 [−5𝑇1[𝑖] − 6𝑆1[𝑖]] 

     𝑋1[𝑖] = 𝑋1[0] + 0.01𝑖 
   STEP4:  OUTPUT: (𝑋1[𝑖], 𝑆1[𝑖], 𝑇1[𝑖]),     
Absolute Errors: 𝑒1[𝑖] = |𝑌1𝑖 − 𝑆1[𝑖]|; 
                       𝐸1[𝑖] = |𝑌1𝑖′ − 𝑇1[𝑖]|. 

The WFC-IVP(9) {
𝑌′′ + 5𝑌′ + 6𝑌 = 0      
 𝑌(0) = 1,   𝑌′(0) = 0    

   ; 0 ≤ 𝑋 ≤ 0.1  

The approximate solutions by Euler’s Algorithm for 𝑁 = 10 
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Using Python, we get the following results, 
 

Table 5. The outputs of Euler’s Algorithm for IVPs (10) & (11) 

 

𝑖 𝑋0𝑖 = 𝑋1𝑖 𝑆0[𝑖] = 𝑆1[𝑖] 𝑌0𝑖 = 𝑌1𝑖 𝑒0[𝑖] = 𝑒1[𝑖]  𝑇0[𝑖] = 𝑇1[𝑖] 𝑌0𝑖
′ = 𝑌1𝑖′ 𝐸0[𝑖] = 𝐸1[𝑖] 

0 0.0 1.0 1.0 0.0 0.0 0.0 0.0 

1 0.01 1.0 0.999704952 0.000295047 −0.06 −0.058518838 0.001481161 

2 0.02 0.9994 0.998839250 0.000560749 −0.116999999 −0.114149433 0.002850566 

3 0.03 0.99823 0.997431230 0.000798769 −0.171114 −0.167000089 0.004113910 

4 0.04 0.9965188599 0.995508165 0.001010694 −0.222452099 −0.217175458 0.005276641 

5 0.05 0.9942943389 0.993096301 0.001198037 −0.271120626 −0.264776649 0.006343976 

6 0.06 0.99158313273 0.990220887 0.001362245 −0.317222255 −0.309901351 0.007320903 

7 0.07 0.98841091017 0.986906214 0.001504695 −0.360856130 −0.352643936 0.008212194 

8 0.08 0.98480234886 0.983175644 0.001626704 −0.402117978 −0.393095567 0.009022411 

9 0.09 0.98078116908 0.979051645 0.001729523 −0.441100220 −0.431344302 0.009755918 

10 0.1 0.97637016687 0.974555817 0.001814349 −0.477892079 −0.467475194 0.010416885 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

INPUT: 

Endpoints 𝛼, 𝛽; integer  𝑁; initial conditions 𝜈, 𝜔. 
Step1: Set ℎ-the step size for each 𝑖 = 1,2,⋯ ,𝑁, as 

ℎ = ℎ0 = ℎ1 = 0.01 

𝑋[0] = 𝑋0[0] = 𝑋1[0] = 0 

𝑆[0] = 𝑆0[0] = 𝑆1[0] = 1 

𝑇[0] = 𝑇0[0] = 𝑇1[0] = 0 

Step2: For 𝑖 =  1, 2, . . . , 𝑁 run Steps 3 & 4: 

        Step3: Set  𝑆𝑖+1 = 𝑆0[𝑖 + 1] = 𝑆1[𝑖 + 1]         
                        𝑇𝑖+1 = 𝑇0[𝑖 + 1] = 𝑇1[𝑖 + 1]        
                              𝑋𝑖 = 𝑋0𝑖 = 𝑋1𝑖  
Step4: OUTPUT approximation 𝑆𝑖 to 𝑌[𝑖]  and 𝑇𝑖  to 𝑌′[𝑖] at the 𝑁 + 1 values of 𝑋[𝑖]. 
 Absolute Errors:  

 𝑒[𝑖] = 𝜑−1(𝑒0[𝑖], 𝑒1[𝑖]) = 𝜑−1(|𝑌0𝑖 − 𝑆0[𝑖]|, |𝑌1𝑖 − 𝑆1[𝑖]| ) 
            𝐸[𝑖] = 𝜑−1(𝐸0[𝑖], 𝐸1[𝑖]) = 𝜑

−1(|𝑌0𝑖′ − 𝑇0[𝑖]|, |𝑌1𝑖′ − 𝑇1[𝑖]|) 
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Figure 1. The results of approximate solutions, and exact solutions for IVPs (10) & (11). 
 

 
 

Figure 2. The results of absolute errors of the approximations 𝑺𝟎[𝒊] & 𝑺𝟏[𝒊]. 
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Figure 3. The results of absolute errors of the approximations 𝑻𝟎[𝒊]& 𝑻𝟏[𝒊]. 

 
Table 6. The outputs of Euler’s Algorithm of WFC-IVP (9) 

𝑖  𝑋𝑖 
𝑆[𝑖] = 𝑆0[𝑖]
= 𝑆1[𝑖] 

𝑒[𝑖]
= 𝜑−1(𝑒0[𝑖], 𝑒1[𝑖]) 

 𝑇[𝑖] = 𝑇0[𝑖]
= 𝑇1[𝑖] 

𝐸[𝑖]
= 𝜑−1(𝐸0[𝑖], 𝐸1[𝑖]) 

0 0.0 1.0 0.0 0.0 0.0 

1 0.01 1.0 0.000295047 −0.06 0.001481161 

2 0.02 0.9994 0.000560749 −0.116999999 0.002850566 

3 0.03 0.99823 0.000798769 −0.171114 0.004113910 

4 0.04 0.9965188599 0.001010694 −0.222452099 0.005276641 

5 0.05 0.9942943389 0.001198037 −0.271120626 0.006343976 

6 0.06 0.99158313273 0.001362245 −0.317222255 0.007320903 

7 0.07 0.98841091017 0.001504695 −0.360856130 0.008212194 

8 0.08 0.98480234886 0.001626704 −0.402117978 0.009022411 

9 0.09 0.98078116908 0.001729523 −0.441100220 0.009755918 

10 0.1 0.97637016687 0.001814349 −0.477892079 0.010416885 

Note that we got the same results for approximate solutions of the 

WFC-IVP (4) and its related IVPs (5) and (6). 

5 Conclusion 
In this paper, we have solved a model of the second-order Weak 

Fuzzy Complex- initial value problem (WFC-IVP) numerically. Using a 

special isomorphism transformation function, the WFC-IVP could be 

written as two second-order IVPs in R, transforming into systems of first-

order IVPs. Hence, we have focused on solving second-order real 

constant-coefficient linear homogeneous WFC-initial value problems 

with fixed step and real initial conditions using Euler’s method. The steps 

of finding the approximations have been explained in examples with 

tables and diagrams of results. 

In the future, we aim to solve WFC-IVPs using another methods 

and study different models of weak fuzzy complex-initial value 

problems. 
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Appendix 
This Appendix includes the instructions by Python for the results of solving 

IVPs (5). 


