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Polynomial Interpolation of The Numerical Solution of
The Volterra, Fredholm, and disjoint Volterra-Fredholm
Integral Equations of The Second Kind Using the
Bernstein Approximation
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oABSTRACT o

This paper aims to study the numerical solution of Volterra, Fredholm, and
Volterra-Fredholm integral equations of the second kind and its polynomial
interpolation. To do this, a numerical method based on Bernstein polynomials was
proposed and applied to the three types of integral equations to transform the integral
equation into a linear system of equations that can be solved algebraically Leading us
to the approximate solution. The proposed algorithm was applied to the Mathematica
program to create a unified formula that enables us to find an approximate solution to
the Volterra integral equation of the second kind, the Fredholm integral equation of
the second kind, and also the disjoint form of the Volterra-Fredholm integral equation
of the second kind, and polynomial interpolation of the solution at the same time.
Several numerical examples were applied to the three types of equations and
compared with other numerical methods that contributed to solving the same kind of
equations. The numerical results showed the effectiveness of the proposed method in
finding an approximate solution and interpolating the polynomial of the solution,
with minimal error and high speed in performance.

Keywords: Disjoint Volterra-Fredholm Integral Equation of The Second Kind, Bernstein
Approximation, Interpolation, Fredholm Integral Equation, Volterra Integral Equation.
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Jal e dajiall daplall Gladll Wadll g jliey Uadll jlaies ol Jall (£) Jsaaldl oy clld
Jal e @llag [29] (3 (YY) Asbeall Jal () suspanns 32l e 5Ly Lealadind 5 Al diphalls 1= 10
xjiulﬁu?;é

Exact solution —(black), Mumerical zolution @(blue)
] =L e S S e —

1.5

n=10. Jal e (£) JEall o Eilly 3840 Jad) :(A) Joi
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25x10712 1 |
III
2.x10712 | / ]
i /
15x10712 [ / ]
[ ,n"lll ]
Lwx10-l2} ) ]
51073 | / .
[ e
U= — T —— T
0.0 0.2 0.4 0.6 0.8 1.0

0,7] Jaad e (£) Jiall da oo gl stlaal Uadl) 2(4) g
n = Jal (e [29] A&kl n=10 Jal (e dajiiall 45y 0l glaal) Uadl) jlaiag (£) JEall o fills (38N Jad) (%) Jgaa

10
X Gdall Jall Aa el Aggylally ) Jall aall laia Glhaall sl s
iyl 3l [29] Zaplll
da i) n=10
n=10
0.00 —42592x10 4.2592 3.241537e~03
X 10_9
V) L EOTVYYIYY. Yoo £0) 0.45377762313823666 3.93730 3.830231e-03
x10
0.942 | | A AvFT.T.ooTATLY 0.8087360577951463 2.757983 3.583984e-03
x10
L571 | | 499499avaYoATIYA 1.000000005618781 2.636016 2.074933e-03
-8
x 10

[30]:306) dxpall oy B g gil) (pa ALl 1yl é Alalea 22l 2(0) Jlia

fx)=x+ J(t —x) f(t)dt, x € [0,1]
0

(28

dall el oy n=3 Jal (e dagidl daphl elol f(x) = sinx s G80 dall o Cua

1Al Zapally Z8IEN As)all (e 2gaa 308 JSG e (YA) Aalaall

f(x) = —3.53612 « 1078 + 1.00354 x — 0.0178457 x? — 0.144247 x3.

(Yﬁ

(£) o D)) Gulsi &5 oy Aagiall Aiplall Gkt 5 oS Jpealill s g JEd) 14 b

Aaleall 3508 55 Argemy il Jall Bis GlF(x) Al Aslal) Dl Lo Jsasll (V4) dl;
(YA) Al

o (V0) W 8 A ) xp LY e Jpeanll Sie = 0.00001 51 =3 Jal e ol b
(e BaldY L 5 axg = 0.99999 5 x, = 0.666677 «x; = 0.333343 x5 = 0.00001 : Jtl) 4=l
A il e AX =Y ddadd) cialad) dles JSE1Y 5 A Glisiiad) Glua &3 (V1)) £) i)
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0.99997 0.336203 0.153909 0.199998

A= 0.0000299994  0.457408 0.29135 0.149998
2.99997 x 1071° 0.224702 0.474076 0.100027

1.x 1071 0.0372462 0.302894 1.04997

3
0.00001
v — [ 0.333343
0.666677
0.99999
Bgias Cloa ab datlae 5 c¥alee £ e BS AX = ¥ dkall c¥sled) il Ja
Jaalaal)
Co —3.53612 x 1078
yo|al_ 0.334512
=)=
2 0.663076
C3 0.841443

sn=3 dal Pni(%) Cplilip apa GES Qlua oy (£) Dl e sal@VL
W sl e i=0,1...,n

Pn2(x) =3x% — pp1(x) = 3x — 6x% + 3x% P, o(x) =1—3x +3x% — x>
Pn3(x) = x3 5 3x3

apaall 858 e Juani (0) A A i =1,...,n dal 0o Ppy s € Al G OY)
Al ISl (YA) ddelsal) Alabeall il Jall Jics 3 £ (x)

f(x) = co-Pno(x) + ¢1. 001 (X) + 2. D52 (%) + C3.Pn3(%)
AU Lxgally (Y9) 4Dl 8 WS £(x) il Jall e Juasi oy sailly
f(x) = —3.53612 x 1078 + 1.00354 x — 0.0178457 x? — 0.144247 x5.

Aa i) 48 lall alasil e il gyl Jally Gaall Jall sbd) sl ) (V) SN
SV ALLYL L [0,1] ) e daglall sda e bl Glaall adll s gil) aull (V1) JSE0 Jiags
Jal e dajiall daphll Gladl Wadll G jliey Uadll Jlaies oyl Jall (0) Jsaall cpuy cclld
2 d Ak ad Jal e lldg [30] 3 (YA) Dalaall Jal lealatind &5 ) daplally n = 3

56



Tartous University Journal. Basic Sciences Series Y+ Y© (1) 2l (3) alaall puledl) a ghal) dalad] (yugh o daala dlaa

Exact zolution — (black), Numerical solution @(blus)

0.0

0.4 0.6

0.8 1.0

n = 3. Jal e (o) Jhall e iilly @Bl Jad) :() ) JSa

0.00025 [
0.00020 [
0.00015 [
0.00010 [

0.00005 [ |

0.00000 L

N

£

0.0

0.2 0.4 0.6

0.8 10

=3 dal 5 [0,1] Sl o (0) JEall da oo gl (slhaal) Uadll ALl sl 1(1)) JSil)

=3 Jal 5 [30] Ly = 3 Jal (e Aajiiall 43y hall glhaal) Uadd) jlaiag (0) JUall o jiills (3841 Jad) :(0) Jgan

X

Gaall Jall O dagitall Aipllly il Jall | Glhad) Uadll jlaie | ladll Uasd) i
n=23Jsl dasital) 43y kL [30] day,klly
n=3 n=3
0.00 .. 3536123 x 10" ° 3.536123 0.00E+00
X 10_8
LYYy CYYTAYATAYAYOVY LA 0.32687218368364096 750929 x 10 ° 6.14E-03
0.666 | | 1yyAzove.AoYoy)R 0.6178277652863591 0.0000179756 1.13E-02
1. CAEYEVLAAEALYARTO 0.8414434160974062 0.0000275687 1.45E-02

[31]:3000 Al il D g5l (pe AlalSall 8 Alalae 22l 2(%) Jlia

fx)=x+1 +f(x—t) f(t)dt,
0

(30

Aolaall JaV sliind s =5 Jal e dagiall Ziphll g lal f(x) = ¥ s Gaal sl of s

A Arpalls el Zaal) e 350m BES JSE e (Y1)
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f(x) = 1.1.00008 x + 0.499069 x2 + 0.170409 x> + .. YeAT1¢ x*
+0.0138545 x° . (™
Aa i) 45kl alasil e il gyl Jally Gaall Jall bd) sl ) (YY) JSEl
ALY [0,1] Jaad) o daphll o3 e mlll Bllaall Uadll s gl aull (VF) JSa sy
Jal (e Aayitall daphall laall Uaddl cp 33)E0s Uaddl oy gyl dadl (1) Jsandl o el )
2 Ak a8 Jal e clldg [31] 3 (Fr) Aalaall Jal lealaind o5 ) Ay n = 5

Exact selution —(black ), Numerical solution e(blue)

0.0 02 P 0.6 0.8 10
n=>5. Jal ga (1) Jhall ity (@Bal) Jadl :(VY) Jeid)
T T T T T -~
{4
25x1078 [ _ [N
."f\., .'|l \
2105 [ I \ |
[ | |
5 II \ / l
Lix10op | I". / |
I| \ |
_s[ '.I |
1% 10 | ". ,"I
7 \ o, -, {
5.x100° | |II ; / \\‘ //’ R ‘\ ;/ F\\\ .'I |—
\/ NS S \/
ob ¥ \‘{ \.\ Y, B
0. 0.4 0.6 0.8 1.0

M =5 dal ¢ [0, 1] Jaal) o (1) JEal Ja o gl slaal) Uadll Ll acpl) :(VY) Sl
M =75 Jal 5 [31] L hllg = 5 Jal (e Aajiiall 4y hall glhaal) add) jlaiag (1) Jall o jiilly (3841 Jad) :(7) Jgaa
danhlly gladdl Uaall laie

X Gaall Jall O Ayl Agylaly il Jal sl laie
n=>5 Jal Aaphally Blladll [31]
Aa yiaall n=>5
n=>5
0.2 VXYY £ YYOAYT. 1144 1.2214027913981653 3.3238 9.14935032181319e-
x10 08
0.4 1EAYAYETAVIEI YV Y 1.491824779529862 8.18886 6.03097460372126e-
x10 " 06
0.6 YAYYYYAA G ¥ 00 AS 1.8221189326798193 1.32289 7.08003905089960e-
x10 05
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0.8 | Yyvoof.qvAfdvitn 2.2255411136251477 1.85133 4.10261825801062
x 10 e-04

1. Y AATAYAYAZO4 . £o 2.718282090122967 2.61664 1.61516179237875
x 10 e-03

clasilly cilaliinay)
Jilise Jad lginlal 20 bl ity (lidiy asaa GLES aadiud dpaae 4 ekt Caill 138 4 5
g5l G shaall Sl dpaayi- il d sl Lady dpaads bl gsi G Bl aladl (10 e gt
dgaanl) bl el um csulall o ik die ¢)aY) de sy ABalls Aladlly dajal) Ayl Sl ¢ B
#1aY) Ja 3 da i) daplall 50l ddlad dallaall ¢ UadY) Ljliay Jolandly Zuld) agunylly 2BV Liaiaia
Dl Al ) 8Lyl SGI &gl g 3laal) dlalsal alsa i)yl o8 Alalae AlalSall Y alaall e SO
Slo Lliadly dayll) 48 dpael) i) cadl G o gpia o jlaiey S gal) e olalSH) Algan g
) ALY 3508 IS <8 e e ity AlalSal) Aalaall ) Jall Jpeasll & @AY GhhI eyl
Jal dglie i yyohaty dagiall Al Sukaly oasi o osmlal) Gulall (ady Lo oY) 55l de sl
galall YV aal) 85508 dpaa] L Ll el Y aladll (e 540 15

saalmal)
[1] A. J. Jerri, Introduction to integral equations with applications. John Wiley
& Sons, 1999.
[2] R. M. Ganji, H. Jafari, and S. Nemati, “A new approach for solving integro-

differential equations of variable order,” J. Comput. Appl. Math., vol. 379, p. 112946,
2020.

[3] M. Tabata, N. Eshima, Y. Sakai, and |. Takagi, “An extension of Krugman's
core—periphery model to the case of a continuous domain: Existence and uniqueness of
solutions of a system of nonlinear integral equations in spatial economics,” Nonlinear
Anal. Real World Appl., vol. 14, no. 6, pp. 2116-2132, 2013.

[4] E. G. Ladopoulos, “Non-linear multidimensional singular integral
equations in two-dimensional fluid mechanics,” Int. J. Non. Linear. Mech., vol. 35, no. 4,
pp. 701-708, 2000.

[5] M. A. Bartoshevich, “A heat-conduction problem,” J. Eng. Phys., vol. 28,
no. 2, pp. 240-244, 1975.

[6] H. J. Ding, H. M. Wang, and W. Q. Chen, “Analytical solution for the
electroelastic dynamics of a nonhomogeneous spherically isotropic piezoelectric hollow
sphere,” Arch. Appl. Mech., vol. 73, no. 1, pp. 49-62, 2003.

[7] E. S. Shoukralla, N. Saber, and A. Y. Sayed, “Computational method for
solving weakly singular Fredholm integral equations of the second kind using an advanced
barycentric Lagrange interpolation formula,” Adv. Model. Simul. Eng. Sci., vol. 8, pp. 1-
22, 2021.

[8] M. A. Abdou, “On a symptotic methods for Fredholm—Volterra integral
equation of the second kind in contact problems,” J. Comput. Appl. Math., vol. 154, no. 2,

59




Aild il gd e alaal gasall Jall 3gaal) 3,58 o liiiud

pp. 431-446, 2003.

[9] M. A. Abdou and F. A. Salama, “Volterra—Fredholm integral
equation of the first kind and spectral relationships,” Appl. Math. Comput., vol. 153,
no. 1, pp. 141-153, 2004.

[10] C. Constanda, “Integral equations of the first kind in plane elasticity,
Q. Appl. Math., vol. 53, no. 4, pp. 783793, 1995.

[11] K. Maleknejad and N. Aghazadeh, “Numerical solution of Volterra
integral equations of the second kind with convolution kernel by using Taylor-series
expansion method,” Appl. Math. Comput., vol. 161, no. 3, pp. 915-922, 2005.

[12] E. Babolian and A. Davari, “Numerical implementation of Adomian
decomposition method for linear Volterra integral equations of the second kind,”
Appl. Math. Comput., vol. 165, no. 1, pp. 223-227, 2005.

[13] E. Yusufoglu and B. Erbas, “Numerical expansion methods for
solving Fredholm-Volterra type linear integral equations by interpolation and
quadrature rules,” Kybernetes, vol. 37, no. 6, pp. 768-785, 2008.

[14] Z. Avazzadeh, M. Heydari, and G. B. Loghmani, “Numerical solution
of Fredholm integral equations of the second kind by using integral mean value
theorem,” Appl. Math. Model., vol. 35, no. 5, pp. 2374-2383, 2011.

[15] J. Reinkenhof, “Differentiation and integration using Bernstein’s
polynomials,” Int. J. Numer. Methods Eng., vol. 11, no. 10, pp. 1627-1630, 1977.

[16] E. Kreyszig, “Bernstein polynomials and numerical integration,” Int.
J. Numer. Methods Eng., vol. 14, no. 2, pp. 292-295, 1979.

[17] M. Ramadan and M. Ali, “Numerical solution of Volterra-Fredholm
integral equations using hybrid orthonormal bernstein and block-pulse functions,”
Asian Res. J. Math., vol. 4, no. 4, pp. 1-14, 2017.

[18] B. Yilmaz and Y. Cetin, “Numerical solutions of the Fredholm
integral equations of the second type,” New Trends Math. Sci., vol. 5, no. 3, pp. 284—
292, 2017.

[19] J. Biazar and H. Ebrahimi, “Orthonormal Bernstein polynomials for
Volterra integral equations of the second kind,” Int. J. Appl. Math. Res, vol. 9, no. 1,
pp. 9-20, 2019.

[20] W. Abdul-Majid, “Linear and nonlinear integral equations: Methods
and applications,” Heidelb. Dordr., 2011.

[21] M. K. Shahooth, “Numerical solution for mixed Volterra-Fredholm
integral equations of the second kind by using Bernstein polynomials method,” Math.
Theory Model., vol. 5, no. 10, pp. 154-162, 2015.

[22] C. R. Lawson, “Bernstein polynomials and their applications,” 2012.

[23] S. Bernstein, “Démo istration du th’eoréeme de Weierstrass fondée sur
le calcul des probabilités,” Coobwenia Xapbrosckazo mamemamuieckazo
obwecmsa, vol. 13, no. 1, pp. 1-2, 1912.

[24] Y. Bertot, F. Guilhot, and A. Mahboubi, “A formal study of Bernstein
coefficients and polynomials,” Math. Struct. Comput. Sci., vol. 21, no. 4, pp. 731-
761, 2011.

[25] M. Basit and F. Khan, “An effective approach to solving the system of
Fredholm integral equations based on Bernstein polynomial on any finite interval,”
Alexandria Eng. J., vol. 61, no. 4, pp. 2611-2623, 2022.

[26] M. J. D. Powell, Approximation theory and methods. Cambridge
university press, 1981.

2

60



Tartous University Journal. Basic Sciences Series Y+ Y© (1) 2l (3) alaall puledl) a ghal) dalad] (yugh o daala dlaa

[27] T. J. Rivlin, An introduction to the approximation of functions. Courier
Corporation, 1981.

[28] M. M. Mustafa and I. N. Ghanim, “Numerical solution of linear Volterra-
Fredholm integral equations using Lagrange polynomials,” Math. Theory Model., vol. 4,
no. 5, pp. 137-146, 2014,

[29] N. Djaidja and A. Khirani, “Approximate Solution of Linear Fredholm
Integral Equation of the Second Kind Using Modified Simpson’s Rule.,” Math. Model.
Eng. Probl., vol. 11, no. 3, 2024.

[30] J. A. Zarnan, “Numerical solution of Volterra integral equations of Second
Kind,” Int. J. Comput. Sci. Mob. Comput, vol. 5, no. 7, pp. 509-517, 2016.

[31] E. S. Shoukralla and B. M. Ahmed, “Numerical solutions of Volterra
integral equations of the second kind using Lagrange interpolation via the vandermonde
matrix,” in Journal of Physics: conference series, IOP Publishing, 2020, p. 12003.

61



